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Abstract. We explore the phase diagram of the five-dimensional anisotropic Abelian Higgs model by
Monte Carlo simulations. In particular, we study the transition between the confining phase and the
four-dimensional layered Higgs phase. We find that, in a certain region of the lattice parameter space,
this transition can be first order, and that each layer moves into the Higgs phase independently of the
others (decoupling of layers). As the Higgs couplings vary, we find, using mean field techniques, that this

transition may probably become second order.

1 Introduction

Coupling anisotropies in gauge theories may lead to fun-
damental changes in their phase diagrams. Although this
yields problematic theories if applied to four-dimensional
models, due to breakdown of Lorentz invariance, higher-
dimensional models with anisotropic couplings may give
rise to theories of physical interest. This program orig-
inated in 1984 by Fu and Nielsen [1] who considered a
five-dimensional pure U(1) gauge theory on the lattice.
The main idea is that, for certain values of the couplings
for the n extra dimensions, four-dimensional layers may
be formed within the (4 + n)-dimensional space. The cor-
responding phase is called a layered phase and one of its
main characteristics is that it exhibits confinement in the
extra dimensions. The U(1) higher-dimensional model has
already been studied to some extent with lattice tech-
niques [2,3], leading to the establishment of the existence
of a layered Coulomb phase’.

The possibility that physical space-time is not four-
dimensional has been broadly referred to in the bibliog-
raphy during the last eighty years. This interesting idea
has enjoyed a revival through works that use extra di-
mensions to solve the hierarchy problem. A class of these
theories use a (44 n)-dimensional space-time with n com-
pactified dimensions; another class of models considers
non-compact extra dimensions. A well-known example of
this last case is the Randall-Sundrum (RS) model [5],
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where the four-dimensional world is considered as a three-
brane embedded in a five-dimensional bulk. Furthermore
in such models a four-dimensional graviton exists and is
localized within the three-brane. The question which then
arises is if there is any possibility that other fields, such as
gauge fields, fermions and scalars, are localized within a
three-brane. The problem has been attacked analytically
through the search for localized four-dimensional fields,
where the equations of motion of the bulk fields which are
coupled to the background geometry are solved [6]. In this
approach, using perturbative tools, a massless photon al-
ways appears propagating freely in five dimensions. A first
attempt of getting evidence of gauge field localization on
a brane considering the non-perturbative features while
using an RS action type for abelian gauge field has been
performed in [3] by means of lattice techniques.

Theories on flat space-times are not, however, devoid
of interest. In this paper we continue to explore the phase
structure of the Abelian Higgs model in five dimensions
with anisotropic couplings, defining our model on the lat-
tice. In a previous paper [7] we studied the phase dia-
gram of this model for weak gauge coupling in the four-
dimensional subspace and found two kinds of layers (or
three-branes): of Coulomb or Higgs type. In the present
paper we wish to explore the strongly coupled theory, mo-
tivated, in part, by recent considerations that indicate that
theories studied in [6] are, generically, strongly coupled.

We find that it is, indeed, possible to tune the lattice
couplings in such a way that a phase transition from the
five-dimensional strong phase to a layered phase occurs.
By measuring several order parameters we find that this
phase consists of a stack of three-branes (layers) one lattice
spacing apart that are in the Higgs phase and they are
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separated from each other by a confining medium; so the
fields are confined on each layer. Furthermore we show
the precise way in which they are created by studying
in detail the phase transition. In particular, we find that
each layer emerges from the confining phase independently
from the others’ characteristic of a strongly first order
phase transition with a very small correlation length in
the extra direction.

In Sect.2 we write down the Abelian Higgs model in
five dimensions with anisotropic couplings. In Sect.3 we
present the Monte Carlo results, we exhibit the phase
structure, and we establish the existence of the layered
Higgs phase. Also, using mean field techniques, we con-
firm the Monte Carlo results and we give an indication
of how the situation changes as we vary the Higgs lattice
couplings.

2 Formulation of the model

The model under study is the Abelian Higgs model in the
five-dimensional space. The direction 5 will be singled out
by couplings that will differ from the corresponding ones
in the remaining four directions.

We proceed with writing down the lattice action of the
model:

S:ﬂgz Z

r 1<pu<v<4

+BZ Z (1 —cos Fys5(x))

r 1<p<4

+ Br Y _ Re|dp"()p(x)

(I —cosFlu(x))

+ B, Y Relp™(@)p(x) — ¢ (2)Us (2)p(x + 5)]

+ 37 [0 - 288 — 461 — B¢ (@)p(a)

+ Br(e" (@)e(@)?], (1)
where
Fu(@) = Au(@) + Ay(@ + ) — A0 +9) — Ay (),
1<pu<v <4,
Fus(x) = Au(@) + As(z + 1) — Au(e +5) — As(x),

1<pu<4

We have allowed for different couplings in the vari-
ous directions: the ones pertaining to the fifth direction
are primed to distinguish them from the “space-like” cou-
plings. The fifth direction will also be called “transverse”
in the sequel.

The link variables Uy (z) are defined by el®s4s or elor4r

respectively, where Ag, At are the continuum fields and

P. Dimopoulos et al.: Multi-layer structure in the strongly coupled 5D abelian Higgs model

ag,ar are the lattice spacings in the space-like and the
transverse-like dimensions respectively. The lattice fields
are

Ag = agAg, At =aTAr.

In addition, the scalar fields are also written in the polar
form () = p(x)eX(®). The order parameters that we will
use are the following:

> , ®

Space-like plaquette:

PSE<6]1[5Z Z cos F,, ()

r 1<p<v<4
Transverse-like plaquette:

PTE< st > cosFus

r 1<pu<4
Space-like link:

LsE< N5Z > cos(x

r 1<pu<4
Transverse-like link:
LTE< Zcos (z+5) + Az (z) — X(m))>, (5)

Higgs ﬁeld measure squared:

R* = % ZpQ(a:). (6)

In the above equations N is the linear dimension of a
symmetric N° lattice.

When necessary we will use the order parameters Lg
and Ps defined on each space-like volume (layer) sepa-
rately.

The naive continuum limit of the lattice action (1) may
be obtained as follows (where an overbar is used for the
continuum fields):

N 2aiar
Br

Then the transverse-like field strength

Fus = Au(x) + As(x + f1) —

(1<u<4)

Ay (z+5) — As(x)

goes over to

—ag [aT65ZH(:L')} + ar [a55“25(x)} = CLS(ZT(@ILZg; - 852“).

Thus

Fls— a202F s, 1<pu<4 (Fu5=0,45—054,).

b2
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The space-like field strength is treated in a very similar
way with the result:

2

N2l 1§M<V§4

2 47 = a7 =
F, — asl F,.,=0,A,-0,A,,

This means that the transverse-like part of the pure
gauge action is rewritten in the form

1 ﬂ /aT -2
g 4
5 D oasar | Y Fo
2 ag
1<p<4
1 /aT -2
%77/692 d’z g F“5
2 ag
1<p<4

On the other hand the space-like part is:

13 _
ol 2 e | D

1<pu<vr<4

18, 5 —2
%5@/(}.1" Z FNV

1<p<v<4
If we define )
_ar r . ag
ﬁ = "9 /6 = ) (7)
776 YT grar

the resulting continuum action reads

1 1 - 2 1 — 2
i/dBI 97 Z F,ul/ +7 Z F“5
SIS

p<v<4 9t 1<p<4

_ 5g,>1/2
”‘(m

and using the definitions of 3,4, ﬂg' we find that

Defining

_ gsas

Yg = .
7 gr at

We denote by ¢ the important ratio ag/ar of the two
lattice spacings (the correlation anisotropy parameter) and
finally derive the relation

By _gs

ﬂg ng.

Vg =

After rescaling the scalar fields, one may rewrite the scalar
sector of the action in the form

2
e W I
/&w > WWP+§WWF+W%¢+M¢@2,
1<%
(8)

where D, = 0, — iZM, 1< pu<5.
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We have used the notations:

— ﬂh/
Te =\ B
m?as® = %(1 —2Br — 46n — Bi'), a% = Z;g?

If we choose a common value for the gauge coupling
constants: gs = gr = ¢ (so that v, = ) and assume
that all the covariant derivatives in (8) have the same
factor 74 = £ in front, the expression does not exhibit any
anisotropy. However, the naiveté of this approach will be
manifest by results similar to [2,3,7] which indicate that
the anisotropy leads to new phases that may survive in
the continuum limit for a wide range of values of lattice
parameters.

3 Monte Carlo results
and the confining-layered transition

For the simulations we use a 5-hit Metropolis algorithm for
the updating of both the gauge and Higgs fields. In order
to get a better behavior we use a global radial algorithm
and an overrelaxation algorithm for the updating of the
Higgs field. We simulated the system for 4°, 6°, and 8° lat-
tices. We made use, mainly, of the hysteresis loop method
to establish the phase diagram of the system. When nec-
essary, in order to define more precisely the phase transi-
tion points and study the order of the phase transition we
made long runs consisting up to 30000 measurements at
selected points in the parameter space.

In our whole work we set the four-dimensional gauge
coupling fixed at the value 8, = 0.5 and let the gauge
coupling in the fifth direction run. For some regions of the
values of the two gauge couplings we had a confining five-
dimensional theory. A small value for the Higgs coupling
constant (3} in the fifth dimension has been chosen (3}, =
0.001) (we further discuss this choice in Sect. 3.2) and we
used two values for the Higgs self-coupling Or differing by
one order of magnitude: Sg = 0.01 and Gr = 0.1. Thus
the phase diagram has been found in the Béfﬁh subspace.

We study the behavior of the system in terms of the
order parameters defined in Sect. 2. We proceed now with
the presentation of the phase structure.

Figures 1 and 2 show the phase diagrams of the five-
dimensional Abelian Higgs model for the cases of two val-
ues of B coupling, namely Sz = 0.01 and g = 0.1,
respectively. The phase diagram for both cases has been
explored in 5;76;1 subspace. In Table1 we show the val-
ues for the couplings from which we deduced the phase
diagrams.

The two phase diagrams exhibit similar structure.
There are four different phases, namely, the strong phase
(5), the Coulomb phase in five dimensions (C5) and the
Higgs phases in four (Hy) and five dimensions (Hs). More
details about the nature of the different phase transitions
will be given later. The crucial feature, however, is the
existence of a phase transition between the strong phase
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Table 1. The phase which the phase diagrams given in Figs1 and 2 are based on
Br =0.01 Br=0.1
By Bn By Bh
S—H;  0.05, 0.10, 0.20, 0.40, 0.45 0.10, 0.20, 0.25, 0.30, 0.40, 0.45, 0.46
S-Hs  0.50, 0.70, 0.80, 0.90, 1.00 0.47, 0.50, 0.70, 0.90, 1.00, 1.10
Cs—Hs 1.40, 1.50, 1.90 1.20, 1.30, 1.50
Hs—Hs 0.40, 0.50, 0.60 0.50, 0.60, 0.80
S—C’s 0.05, 0.15, 0.20, 0.25, 0.30 0.10, 0.20, 0.30
BR:O-Ol By = 0.2 and @y = 0.7. In Fig.3b the corresponding re-
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Fig. 1. Phase diagram for g = 0.01
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Fig. 2. Phase diagram for fr = 0.1

(e.g. a confined phase in five dimensions) and the H4 phase
— a phase of broken U(1) symmetry in four dimensions —
which gives rise to a constitution of a layered phase with
broken symmetry on each layer. Let us give now some rep-
resentative results which lead to the identification of the
various phases of the model.

(1) The S-H, and S—Hj; phase transitions. In Fig. 3a, we
present the hysteresis loops concerning the space-like pla-
quettes, as [, runs, for g = 0.01 and for two values

sults for the transverse-like plaquettes are depicted.

The behavior of the space-like plaquettes and also the
behavior of R?, shown in Fig.4, lead to the conclusion
of a phase transition between the five-dimensional strong
phase and a phase with broken symmetry which probably
is of first order by virtue of the large hysteresis loop. In
addition, the transverse-like plaquette, Pr, for B; = 0.2
remains almost constant with a small value (it equals the
value () /2, labeling the strong phase) while the corre-
sponding one for ﬁ; = 0.7 increases with (3, as a phase
transition occurs. This is a serious indication that there
are two different Higgs phases: in particular one is a Higgs
phase in four dimensions (with confining behavior along
the fifth dimension) and the other is a five-dimensional
Higgs phase.

(2) The H4—Hs phase transition. The fact that the fifth
dimension is confining is made clearer from the result
of Fig.5: we keep B, = 0.40 and let B; run. The re-
sults depicted in this figure correspond to the values of
transverse-like link and transverse-like plaquette which are
small enough for small values of 3; and they increase as
this coupling parameter is running to larger values. It can
be noticed that there has formed no obvious hysteresis
loop and the system passes from the H, (where the two
order parameters take small values) to the Hs phase in a
fairly smooth way.

(3) The S—Cj5 and Cs—Hjs phase transitions. The existence
of the C5 phase is indicated in Fig. 6, which contains the
hysteresis loop for Ps and Pr for running ﬁ;. As can eas-
ily be seen, these two quantities pass from a region where
their values are almost half of their corresponding gauge
couplings (strong phase) to a phase (C5) where their val-
ues tend to one. The large hysteresis loops indicate a first
order phase transition for S—Cj.

Finally, the transition between C5 and Hj is shown in
Fig. 7 where we set ﬂ; to 1.5 and let §;, run. In Fig. 7a
we show the behavior of the space-like and the transverse-
like link from which we can see that they both exhibit a
gradual increase as (3, grows. In addition, the correspond-
ing behavior of the R? values in Fig. 7b implies the tran-
sition from a five-dimensional Coulomb phase to a five-
dimensional Higgs phase.

The order of the phase transition is not obvious and
further study will be needed. To this end we measure the
susceptibilities for the Lg order parameter at the value
B, = 1.5. The results shown in Fig. 8 seem to be consistent
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Fig. 5. Hysteresis loop analysis for Lt and Pr in the region
between H4 and Hs phases. The transition is not showing for-
mation of a loop and seems to be fairly smooth
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Fig. 3a,b. Hysteresis loop for space-like a and transverse-like b plaquette for two values of 8; = 0.2 and 0.7
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Fig. 4. Hysteresis loop for R?, By =0.2,0.7 Fig. 6. Hysteresis loop for Ps and Pr for the S—C5 phase
transition
5
V=6 B,=0.01
08 ' ' ' ' ' ' ' ' ] with a second order phase transition as the maximum val-
ues of the susceptibility for each volume grows with some
power of the volume which is obviously much less than
0.6 | unity.
Up to now, we have given some examples of the be-
havior of the system for Sr = 0.01. In general, the phase
0 i structure for Br, an order of magnitude larger than this,
e.g. fgr = 0.1, is similar. However, we can elaborate on
some points concerning the structure of the layered phase
02 i which is formed in the S—H, transition on one side and
the S—Hj transition on the other.
In Fig. 9 we can see an example for the transition from
00 : : . : : : Sto Hy (B, = 0.2) and from S to Hs (8 = 0.9), by giving
01 02 03 0.4 05 0.6 the hysteresis loops for Ps and Pr. The difference of this

figure with Fig. 3 consists in the “weaker” transition from
the S to the Hy phase, since the loop is much smaller. A
more detailed study for the case 8 = 0.2 shows (Fig. 10)
that a clear hysteresis loop is formed, indicating a first
order phase transition, though seemingly weaker than that
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link a and R? b, for ,8; =1.5
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Fig. 8 Susceptibility S(Lg) for three values of lattice volume
for 8; = 1.5 (the error-bars are smaller than the sizes of the
symbols)
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Fig. 9a,b. Hysteresis loop for space-like a and transverse-like
plaquette b for 8; = 0.2 and 8; = 0.9
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0.475

Fig. 11a,b. Hysteresis loop for 3; = 0.2 a and 8; = 0.9 b. We show the very different way for the transition of Ls calculated
either on the five-dimensional volume and on four layers. In the figure on the left the S—H4 transition is presented where the
layers show a decoherent behavior on the phase transition in contrast with the S—H5s phase transition on the right where the
transition for Lg is identical for all layers, so it coincides with the mean values over the 5D-volume

of the Br = 0.01 case. However, the transverse-like order
parameter Pr does not change at all as §j, increases. This
fact points out that a layered phase has appeared and the
layers have decoupled from each other.

3.1 Muilti-layer structure

The next step is to study the behavior of the layers one
by one as the system moves through the phase transi-
tion. This is shown in Fig.11a,b which corresponds to
the S—H, and the S—Hj5 phase transitions respectively. In
Fig. 11a, corresponding to the S—H,4 case, one may easily
see a “non-sychronized” transition exhibited by Lg de-
fined on each space-like volume (layer) in contrast with
Fig. 11b, in which the corresponding order parameters in-
dicate the phase transition simultaneously. (Obviously, in
(b) the hysteresis loops formed by the Lg defined on each
layer cannot be distinguished from the corresponding hys-
teresis loop due to Lg defined on the volume.) This specific
behavior of hysteresis loops may actually serve as a “cri-
terion” to characterize the layered phase.

We also reach this conclusion by considering the Sr =
0.01, ﬁ; = 0.2 case, for a 4° lattice in more detail. The re-
sult, shown in Fig. 12, leads to the same conclusion: The
very existence of the layered phase (and consequently of
confinement in the fifth dimension) shows up in the “inco-
herent” behavior of the space-like volumes (layers) as the
phase transition takes place.

This behavior can be further confirmed by long runs
in the transition region. It is to be expected that the S—
H, phase transition is of first order. Therefore, we would
expect a two peak signal in the order parameter distribu-
tion at equilibrium. Nevertheless the situation, shown in
Fig. 13a concerning the distribution for the order param-
eter Lg for a value of (3; near the transition region for
V = 6° is by no means what one would expect normally.

B.=0.01  B,=0.2

0.8

0.6

0.4

0.2

0.0 . . . . . : T : T : T :
0.28 0.30 0.32 0.34 0.36 0.38 0.40

h

Fig. 12. Hysteresis loop for Lg showing the way that the layers
decouple for Br = 0.01 at 3, = 0.2

The multi-peak structure seems rather strange. It should
be noticed that the same occurs for the order parameter
Ps. However, the study of the same order parameter de-
fined on each space-like volume is more illuminating. For
example in Fig. 13b, we can see the distribution of Lg val-
ues on each layer. We show four out of six distributions of
Lg corresponding to the four space-like layers within the
five-dimensional volume. The distributions which are pro-
duced appear to be quite usual and they show that at the
same time one layer is in the strong phase (called 2,4 in
the figure), and another has already passed to the broken
phase (3,4) and others produce a two peak signal result.
The result is that the strange picture of the distribution
formed in Fig. 13a is resolved if we analyze the behavior
of the system on each layer as the system undergoes the
phase transition.
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Fig. 13a,b. Distribution for Ls on the volume a and on each layer (only four of the six are shown in the figure) b for the 6°

lattice in the critical region for the S—H4 phase transition
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Fig. 14a,b. We show the behavior of Pr as the value of 3j, grows. The transition from strong phase to the Hs phase does not
seem to change a, in contrast with the one from strong to Hs4 which is washed away (there is a radical change to the value of
Pr at a critical point of 8x) leading thus to the existence of only a 5D Higgs phase

This result is found for all of the volume sizes (e.g. 4°,
6°, 8°) which we have worked on. Although it is consistent
with a first order phase transition it lends support to the
view of a decoherent behavior for every four-dimensional
volume (layer) in the transition region between the five-
dimensional strong phase and the four-dimensional layered
Higgs phase. This particular behavior describes a dynam-
ical decoupling of the layers and provides a possible mech-
anism for the localization of the fields on the layers.

3.2 Mean field approach

The mean field approach provides a point of view com-
plementary to Monte Carlo simulations. Although it is,
by construction, blind to spatial fluctuations, and cannot,
therefore, see the multi-layer structure, it does not suf-
fer from the finite volume effects that limit Monte Carlo

simulations. Furthermore, it is expected to be a reliable
guide to the phase diagram, the higher the dimension of
the system under study.

Thus, in this work we use the mean field analysis

(i) to show that the small value of 3;, we have chosen is
really one suitable to reveal the layered Higgs phase,
and

to provide evidence that as Higgs self-coupling takes
larger values — up to 8r = 0.2 — the phase transition
from the strong to the H; phase may become second
order.

We start with the action (1). We fix the gauge by im-
posing U;(z) = I and use the translation-invariant Ansatz
[1,2,7] Up(x) = v, 1 < p < 3; Ug(x) = v'. We also intro-
duce the variables for the Higgs field

B(a) = pla)e )

(i)

(9)
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and have also assumed a translationally invariant Ansatz,
p = p(z), x = x(x). The free energy, which should be
minimized to get the mean field solution, reads
F = —B,3v, — By3v] — B,3vav — Bovi
— (38hva + Br + By ) pvy + (1 = 26g)p?

1
+ Brp* — ilog[p2] + 3av, — 3log[Iy(a)]

+ a'vg —logllo(a’)] + xvy —log[lo(x)].  (10)

The parameters a, a’ and x are conjugate to v, v/, and
vy respectively. We study the phase structure using the
order parameters defined in Sect. 2.

Our Monte Carlo analysis has been performed setting
By, = 0.001. It is of interest to have an idea what happens
when 3}, takes other values.

In Fig. 14 we depict the behavior of Pr setting Sr =
0.01 and for the two cases corresponding to the transitions
from the strong phase to Hs and H4. The corresponding
values for 3, are 0.6 and 0.2 respectively (see also Fig. 1).
From Fig. 14a we can see that as ) increases the transi-
tion behavior to Hj is fairly the same. On the contrary,
Fig. 14b shows that the increase in ), leads to a big in-
crease in the value of Pt which becomes compatible with
the value characterizing the Hs phase. This provides an
indication that at some value, §;, ~ 0.1, the Hy phase
transforms to Hs: as ), increases Hp extends, covering
the region occupied before by Hj.

Figure 15 provides evidence of the expected weaken-
ing of the strong-H, phase transition as (r increases.
It reveals that, although for 8z = 0.01 Ps exhibits the
same behavior for the Hs and H, phases, for g = 0.2
the picture changes substantially. The S—H, phase transi-
tion provides a sign of a smoother phase transition leading
probably to second order. Mone Carlo simulations in this
region of parameter space are required to complement this
evidence.

4 Conclusions

In this paper, we have shown, using Monte Carlo methods,
that a layered Higgs phase actually exists in the phase
diagram of the strongly coupled five-dimensional Abelian
Higgs model and that this emerges from the confining bulk
phase through a first order phase transition. In fact we find
the existence of multi-layers, as each three-brane passes
from the confining phase to the Higgs phase independently
of the others.

Using mean field techniques we performed a scan of
the phase diagram as the Higgs couplings changed and
found evidence that, as the Higgs self-coupling increases,
the emergence of the Higgs layers from the confining bulk
phase softens and may become second order, leading to
new continuum theories. Indeed we have found that the
Cs5—Hs transition (cf. Figure8) is a prototype for this sce-
nario. Further work will clarify this issue.

It is worth stressing that the layers of our model are,
indeed, three-branes. In string theory one expects symme-
try enhancement when branes coincide, and the question
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Fig. 15. As the value of Br increases the S—H, phase transi-
tion becomes weaker, as expected, while the S—Hs transition
remains first order

arises whether such an effect could be visible within our
field theory context. This effect is the manifestation of
new, non-perturbative, degrees of freedom. In our con-
text this would mean introducing magnetic monopoles
that would promote these three-branes into true D-three-
branes. One way of achieving this could be using twisted
boundary conditions, along the lines of [9].

This raises the question of what aspects of our study
may also be of relevance to Yang-Mills theories [4,8,10].
As is well known, these are confining in less than five di-
mensions, so do not seem to admit four-dimensional lay-
ered phases. The simplest example would, thus, be an
anisotropic SU(2) theory in six dimensions and in this
case the layers form a five-dimensional Coulomb phase.
Another example, in four dimensions, would be a par-
tial breaking that left a residual U(1) factor in the gauge

group.
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